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Abstract

In this thesis we study model equations that describe the propagation of
pulsatile flow in elastic vessels. Since dealing with the Navier-Stokes equa-
tions is a very difficult task, we derive new asymptotic weakly non-linear
and weakly-dispersive Boussinesq systems. Properties of the these sys-
tems, such as the well-posedness, and existence of travelling waves are
being explored. Finally, we discretize some of the new model equations
using finite difference methods and we demonstrate their applicability to
blood flow problems. First we introduce the basic equations that describe
fluid flow in elastic vessels and previously derived systems. We also re-
view previously derived model equations for fluid flow in elastic tubes.
We start with the description of the equations of motion of elastic vessel.
Then we derive asymptotically Boussinesq systems for fluid flow in elastic
vessels. Because these systems are weakly non-linear and weakly disper-
sive we expect then to have solitary waves as special solutions. We explore
some possibilities by construction analytical solutions. After that we con-
tinue the derivation of the previous chapter. We derive a general system
where the horizontal velocity is evaluated at any distance from the center
of the tube. Special emphasis is paid on the case of constant radius vessels.
We also derive unidirectional models and obtain the dissipative Boussi-
nesq system by taking the viscosity effects into account. There is also an
alternative derivation of the general system when considering the equa-
tions of potential flow. We show that the two different derivations lead to
the same system. The alternative derivation is based on asymptotic series
expansions. Then we develop finite difference methods for the numerical
solution of the BBM equation and for the classical Boussinesq system stud-
ied in the previous chapters. Finally, we demonstrate the application of

the new models to blood flow problems. By performing several numerical



simulations.
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Chapter 1
Introduction

The cardiovascular system consists of the heart, the arteries and the
veins. The arteries carry oxygenated blood to the organs. So the arteries
are very important for the physiological and pathological studies. Many
cardiovascular diseases are related to arteries. The large and medium ar-
teries can be approximated by elastic tubes with cylinderical symmetry.

In 1775, Euler derived a system of partical differnetial equations, which
is now used to describle flows without viscosity [10]. For this system of
equations it is almost impossible to find analytical solutions. Then Young
found that the motion of flood flow can be seen as “wave”, [24]. The wave
nature of the blood flow makes it convenient to compute the “Frenquency”
of the blood flow.

In physiological conditions, the Euler equations are essentially weakly
nonlinear thus it is very helpful to study the linearized system [22]. In
1877, the Moens-Korteweg equation for the wave speed has been derived,
[2] [15]. Witzig is the first author to publish the results on wave propagation
in elastic vessels [21].

In 1957, Womersley derived a two-dimensional system which analyse
the flow in the frequency domain [22]. However, the frequency domain
analysis assumes that the arterial system is in a state of oscillation, which
is not true in reality. In the duration of diastole and systole, the behaviour
of the blood flow is totally different, and the frenquency analysis cannot

distinguish the diffenrence.
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It is usually very difficult to study the motion of the blood flow in the
vessel [13] when considering viscotiy. The Navier-Stokes equations are sec-
ond order non-linear partial differentail equations, which makes the study
very difficult. For simplification, many reduced models have been derived
to study the blood flow in vessels. One-dimensional models have been
widely used, [11] [19]. One-dimensional model was first used by Euler [10].
The increasing computational ability of computers make numerical meth-
ods very convenient. It has been showed that one-dimensioanl models in
the time domain rather than the frenquency domain are good descriptions
of the non-linear flow [1] [14].

But most of these studies are based on the constant radius and aver-
age velocity along the radius. Additionally, some simplifications imposed
in the one dimensional models make the mmodel lose some other infor-
mations. In our study we consider a vessel with variables radius, which

expands our knowledge scope of the blood flow.

In this thesis, we derive asymptotic models for blood flow in elastic
vessels with cylinderical symmetry and variable radius. Our system is de-
rived from the Euler equations [5]. We will obtain a Boussinesq system
which couple the horizontal velocity of the fluid v and the displacement of

the the vessel wall 7.

In the study of the shallow water waves, Boussinesq systems are widely
used, [4]. However, our system is not totally the same as that of the shallow
water waves. Some new properties and characteristics have been found.
We can obtain further unidirectional model equations, the result of which

can be compared with that of the Boussinesq systems.

The method of potential flow is also used in the study of water waves,
[8]. Now we apply it in our derivations too. Also, we can obtain higher
order systems by iteration with the potential flow method.

This thesis has the following structure: In Chapter 2, we present the ba-
sic equations we used and then a review of previously derived models. In
Chapter 3, we derived the new systems which are of Boussinesq type. In
Chapter 4, we extend the derivation of Chapter 3 and obtain general sys-

tems by introducing a parameter ¢ and evaluating the horizontal velocities



at different radii. We also consider the viscous correction in this chapter. In
Chapter 5, we study some properties of the general systems such as disper-
sion relations and well-posedness of the systems. In Chapter 6, we apply
an alternative derivation, which is essentially based on perturbation series
expansions. We again obatin the same results as in the previous chapters.
In Chapter 7, we study numerically the effects of some radius variations to
blood flow. demonstrating the useful of the new models.

Since we have derived the new system of the blood flow, we believe
that it will be helpful to improve the study of physiology and pathology
related to arteries. We also extend the range of application of the Boussi-
nesq system and find some interesting results of the new system. Using
this study, further results can be induced and other system related to fluid
flow in visco-elastic pipes can be derived, while other models can also be
justified using asymptotic reasoning.

Most of the results of this study have been published.



CHAPTER 1. INTRODUCTION



Chapter 2

Model equations for fluid flow

in elastic vessels

In this chapter we introduce the basic equations that describe fluid flow
in elastic vessels and previously derived systems. We also review previ-
ously derived model equations for fluid flow in elastic tubes. We start with
the description of the equations of motion of elastic vessel.

2.1 Equation of vessel wall

Denote an element of the vessel wall by V. Let its thickness be h = dr
and the arc length be ry66, where r( is the radius of the tube. Let the axial
length of the tube be = and denote the density of the tube wall by p,,. Thus

we have the volume 0V of this element, and the mass dm of this element:
OV = hrgdfdzx, dm = p,dV.
Here we take the average density of the vessel.
om ~ pyoV.

Then, there exist four mechanical stresses that exerted on the tube wall

and all of them with the dimensions of force per unit area.

5
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Figure 2.1: Coordinates for the vessel

(i) Denote the tension on the axial direction by S, which leads to a force in
the positive x direction due to a change 0.5, over the length of the element.

It is given as below:

asxx

0Szg - hrodd = o

dxhrydo. (2.1)

(ii) Denote the radial stress by S,,, which is related to the angular tension
within the vessel wall. Then there exist a force that is parallel to the radius

of the tube and it is toward the center of the section:

-5, - 10000, (2.2)

(iii) The net difference between the pressures that are inside and outside
the vessel, p,,, produces a force that is outward in the radius direction. The
force is given as:

Puw - 0006, (2.3)

(iv) Shear stress 7, that acting by the blood inside the vessel lead to a force



2.1. EQUATION OF VESSEL WALL

Figure 2.2: Element of the vessel wall

in the blood fluid direction, which is given as:

Tw * T0000x.

I/‘Sr

ro0 /
Ox

(2.4)

Denote the displacement in the z, r and 6 direction by &,  and ¢. Con-

sider the Newton’s second law of motion, we write the equations in the

axial direction as:

2
S = hrgdf - 05z

P+ hrodt B

ox + rodddx - .

Dividing both sides of this equation by roé6dx, we have

ﬁ - h@Sm
a2 Ox T

In the radial direction we have

puwh

d277
Pw - hrodbdx - T 10000T - Py — T9000x - Sy

Similarly, we can simplify it to

puwh == = pw — Spr-

(2.5)

(2.6)

2.7)

(2.8)

Since the external forces in the angular direction is zero, considering
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the axial symmetry we have that the angular direction acceleration is zero.

However, there is a relation between the angular and the radical strain, [25].

h
Srr = —Spy- (29)
7o
By the stress-strain relations, we can express S, Sy, and Sgg in terms
of n and £. Denote the strains in the axial radial and angular directions by
ezz, err and egy, and let E be Young’s modulus and o be Poisson’s ratio,

then the strain-stress relations for an elastic body are given by:

1

Crx = E[Sxx - U(Srr + 599)]) (210)
1

Crr = E[Srr - 0(599 + SMU)]> (211)
1

eop = 11900 — 0 (Srr + ez )]- (2.12)

Assuming that ro/h is much larger than o, and with Eq.(2.9), we have that

1 oro
Crx — E[Sxa; TS’M’L (213)
and .
_2"e
epy = E[ A Spr — 0Szz)- (2.14)

Let E, = %, then solving for S;, and S,,, we have

Spz = Eg(egs + oegy), (2.15)

and B
Syr = " g (699 + O-exx). (2.16)

0

Considering £ as a function of z, then for a small element of the wall of
length 0z, we have

ox + 0& = dx + g&v. (2.17)
ox

Thus
3

Cxx = %

(2.18)
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Then we know that axial stain can be defined as the ratio of the change
in length over the original length.
The angular strain is mainly from the radial displacement 7, so for the

angular strain we have that

_ _ _n
€go = 7000 [(7“0 + 77)58 7"059] ?”0' (2.19)

Combining Eq.(2.6), Eq.(2.8), Eq.(2.15) and Eq.(2.16), we have the equations

of motion of the tube wall

0’ E, % oo

Tw
2~ o2 Tioon

) — ol (2.20)

92 w E, 0
n_p n §

w B pwh  puwTo % U%

). (2.21)

The second derivative on the left side of Eq.(2.21) is very small. Since the el-
ement we studied seldom moves in direction of z, % can also be neglected.

Then we obtain the simplified relation:

Pw _ EBo o m
pwh  pwroTo

(2.22)

We continue with the description of the equation of fluid motion in an elas-

tic vessel.

2.2 The Euler equations

We first assume that the fluid in the vessel is incompressible and invis-
cid. For convenience, we also assume that the flood flow is axisymmetric,
which means that the velocity in the direction that is perpendicular to the
radius is 0, and this direction is usually denoted by 6 in cylinderical co-
ordinates system, as well as the acceleration in this direction. So we only
consider the axial velocity v, which is along the radius and the horizontal
velocity @, which is along the axis of the vessel. Then the Eular equations

of the fluid motion can be written in cylinderical coordinates are:
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1
W + Wiz + T + Pz = 0, (223)
T
Uz + Wz + V07 + ;p; =0, (2.24)
.
uz + vy + =v = 0. (2.25)
T

Denoting the radius of the vessel wall by 7, then obviously we have
7" = 7o + 71, where 7 is the displacement of the vessel wall and 7 is the
radius of the vessel in resting position. Here we only consider the displace-
ment in the radius direction. It is noted that, ry is only a function of . By
the no-slip condition [5], we know that

Ulego =

S

7Y =7 + (To + 1) Ulr=rv.

We thereby have that for 7 =7,

S]]

=77 + (Foz + 7134, (2.26)
which is the first boundary condition. We also have that [25]:

v 2T (2.27)

Wi 5
P NNy =P 72

This equation is from Eq.(2.21) after droping the term for £. In the above
equation, p" is the density of the vessel wall and & is the thickness of the
vessel wall. p* denotes the pressure at the vessel wall for the fluid. Let F

be the Young modulus and o be the Poisson ratio, then E, = % Now

1—
we have the second boundary condition. Additionally, we have T|z—y =
0 because the motion is axisymmetric. Now we can do a scaling for the

variables. We can make the following changes of variables:

IS
Il
ol | =

T = Az, 7 = Rr, 7 = An,

In the above equations, A is a typical wave length of the waves, R is a

typical radius, and A is a typical amplitude of the wall displacement. The &
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11

is the Moens-Korteweg velocity of a wave propagating without nonlinear

terms. ¢ has the form:

_ Eh
C = e
2Rp

where p is the density of the fluid. Then we take

We thereby use the long-wave and small amplitude :

€< 1,6 =ke k= O(1).
The velocities can then be scaled as:
U = ecu, v = ecov.

We also take p = epc?p.

(2.28)

Let a = 22" and B(z) = 222 we have the following six equations in

PR r3(2)
non-dimensional and scaled form:

Ut + €Uty + evu, + pr = 0,

62[vy + euvy + evvy] + pr = 0,

rug + (rv), =0,

o(r') = ne +rzu,

045277tt =p" —2B(z)n,

v(r) = ne + rogu(r) + enu(r').

E(z) = @ here is a non-dimensional quantity:

(2.29)
(2.30)
(2.31)
(2.32)
(2.33)
(2.34)
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2.3 Approximate models for fluid flow in vessels

In this section we review the derivation of a unidirectional model due

to Cascaval [5]. We define two new variables independent to each other:
E=ex, T=G(x;¢)—t. (2.35)

If we take g = 9C, we can transform the partial derivatives as below

0 Ot
o= oF =0, (2.36)
080 0t o
Oy = O O + 9w 9r €dg + g(£)0- (2.37)

Substituting 62 = ke into the equations, then from Eq.(2.29), Eq.(2.30) and
Eq.(2.31), we have that

—ur; = euleug + g(§)ur) + evu, + epe + g(&)pe = 0, (2.38)
kele — vr + euleve + g(§)vr)evvy] + pr =0, (2.39)

1
eug + g(§)ur + v + V= 0. (2.40)

And from Eq.(2.33)-Eq.(2.34), we have

v = —1; + eroeu + €(ene + g(§)n-)u, (2.41)
FE

aken,r = p* — 2—(5 ), (2.42)
r

0
when r = r*. To solve the equations for 1, we express the n, u, v, and p in

the following form
n=mn0+en +O0(?), v=uy+evy +O(c),

UZUQ—|—€U1+O(€2,), p:p0+€p1+0(62>-
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We collect the terms of zero-order from Eq.(2.29), Eq.(2.30), Eq.(2.31),Eq.(2.33)
and Eq.(2.34), and we obtain:

—uor + g(§)por =0, (243)
por =0, (2.44)

1
g(&)uor +vor + Vo = 0, (2.45)

when 0 < r < r%. We also have that forr =" =g + en

vo = —1r, (2.46)
E
0=po—2 (25) 70- (2.47)
0
From Eq.(2.44), we observe that
E
po = po(r?’) =2 r(f) Mo- (2.48)

0

Substituting Eq.(2.48) into Eq.(2.43), one obtains

ugr = 29(5)%7707- (2.49)
0

Combining Eq.(2.49) and Eq.(2.45), we have

= =rg() S 250

Comparing the Eq.(2.50) with Eq.(2.46), we have that

1/2
Y

9(¢) = E(g)l 73 (2.51)

Thus the g has been determined here. Additionally, we also have the fol-

lowing relations
r
Vo = ——1or, (2.52)
o
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E
po =228 (2.53)
)
E 1/2
ugr =228 259
)

We observe that ug, is independent of .

By collecting the first-order terms of Eq.(2.29), Eq.(2.30), Eq.(2.31),Eq.(2.33)
and Eq.(2.34), one obtains

—uir + g(T)UQUOT + vovor + Po¢ + g(f)ph— =0, (2.55)
—kvoe + p1r =0, (2.56)

1
Ugg + g(f)uh- + v, + ;Ul = 0. (2.57)

And for r = r%, we have

V1 = —M1r + TogUo + gTUONOT (2.58)
E
aknorr = pzlu - 2:26)771 (2.59)

0

By comparing Eq.(2.52) and Eq.(2.56), we have
r
Pir = —k‘fnoﬂ-. (260)
To

We integrate both sides of Eq.(2.60), and obtain:

2

,
pi(r) = —kg—norr + p1(0). (2.61)
To

If we take r = rg, we will have
r
PY(€.7) =~k morr + p1(£,7,0). (2.62)
Combining Eq.(2.62) and Eq.(2.59), one obtains

2
"0

2E(8)

2
T T,
o+ FIkorr = 5l (2.63)

= 2E(€)
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Then we combine Eq.(2.60) and Eq.(2.58) to:

To 7”2 7’1/2
[Oé + ?]kTIOT’TT - F(zf)ph—‘r:o + rOng) + WUBUHOT. (264)

2
"o

T 2E(¢)

v

By combining Eq.(2.55) and Eq.(2.56), we can eliminate u, as follows:

1 _ (&)
;(Tvl)r = —Uop¢ — %UOUOT + WUOTWOT
1/2 (2.65)
5T [E(g) ] _ 70
B2 LT BT

For convenience, we take

r0(€)
Qo = / ruodr.
0

Then for r = ry, we can integrate Eq.(2.65) and apply the Leibniz rule. We
obtain that

1/2
Y

1 2 0
v = %Qoﬁ + roguy — WQO%T + W“S’UOT
0

3/2 ; )
"o E(f) o r
E(f)l/Q |: 7"8 n0:|7_ T kgT@HOTTT - F@ph"rzo.

(2.66)

Comparing the equation above with Eq.(2.64), we have

NN L T I e
=\S) 4 ]{;7[ + —Norrr
AT e [ [T R T A (2.67)

1
L net Qo =0
o e

By Eq.(2.54), we have
Qor = E(€)"*ry %107 (2.68)

Thus, Qy can be expressed as a linear function of 7

Qo(&,7) = E©)Y?ry*no(&,7) + F(£). (2.69)
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Then, we can determine f by the initial condition for the blood vessel by

setting t=0. Then we have the equation

3 (Ee©)  rocl6) 3. 1
ot 4<E<5> 7"0(5)) "

5 779 - 15 0Nor
2ré/2E(§)1/2
5/2

k7 70 1 / 2
+§ E(S)S/Q (a + Z)UOTTT + Wf (5) + ToE(ﬁ)

(2.70)

f(E)nor = 0.

Consider the initial condition of quiescent state, which implied that f(§) =
0. If E(£) = 0, then we can simplify the equation to

3 3 _ k T
Mog = 40+ 57 Y on0r + 57‘3/2 (a + ZO> Norrr = 0. (2.71)

If the radius of the unstressed vessel is constant, we have

3 _ k T
Toe + 570 1/27707707 + 57”8/2 (a + Z(]) norrr = 0. 2.72)

2.4 A 1-D Boussinesq system

In this section we review the derivation of a bidirectional Boussinesq
system for fluid flow in elastic vessel, [6]. From the conservation of mass

and momentum, we obtain:

1
Nt + Nz + 5(77 + TO)UQ? =0, (2.73)
1
up + uug + ;px =0. (2.74)

And we also have Eq.(2.26). Then we obtain by substituting Eq.(2.27) into
Eq.(2.74):

1
Nt + Nz + 5(17 + 79)uy =0, (2.75)
Eh wh
Ut + Uy + ——5 1) + Lnxtt =0. (2.76)
pro p

Next we take the following non-dimensional quantities:
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= — xr = —
T] a7 A?
u = -, = —,
C() T
a [2E,h 24\ (2.77)
Cop=— , T = .
ro\l pro r0Co
2a 9 p2hro
€= — = .
ro’ 2)\2p

By substituting Eq.(2.77) into Eq.(2.75) and Eq.(2.76), we obtain the new

system with non-dimensional variables:
1
e+ enou + Senue + up =0, (2.78)

Ut + Ny + €UUZ — 52uxrt = O, (279)

This is a Boussinesq type system but as we shall see later is not asymptotic.
One can derive further unidirectional models from these equations, such
as the BBM and KdV equations. The details of this derivation is postponed
for later, to be exposed in the correct setting. The KdV equation is:

1 |2FEh 5 [2Eh wh Eh
m+ s n+ - ne + 2220 Nazz = 0. (2.80)
2\ pro drg \l pro 4p 2prg

while the BBM equation is:

1 [2FEh 5 [2FEh hr
M+ 4|+ o | g — P = 0, (2.81)
2\l pro 4rg \| pro 4p
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Chapter 3

Asymptotic derivation of

Boussinesq systems

In this chapter we derive asymptotically Boussinesq systems for fluid
flow in elastic vessels. Because these systems are weakly non-linear and
weakly dispersive we expect then to have solitary waves as special solu-

tions. We explore some possibilities by construction analytical solutions.

3.1 Boussnesq model

Now we go back to the Euler equations with scaled variables.

Ut + €Ul + €V, + py = 0, (3.1)
6%[vg + euvy + evv,] 4+ pp = 0, (3.2)
rug + (rv), =0, (3.3)

o(r') =me +ryu, (3.4)

ad®ny = p* — B(x)n. (3.5)

In this chapter we will denote () and & the dimensional quatities defined

by relations:

2
= 22P5), a=a/R

B(x)

19
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In order to simplify the model and derive Bousinesq systems, we assume

that the fluid flow is irrotational. After scaling, the irrotationality condition

becomes [17]:

2
04V = Up.

Integrating both sides of Eq.(3.6) from r to r*, we have

w w

/ uprdr’ = 52/ vedr’.

Then

and
u,(r) = O(82).

By applying the Leibniz rule, we have

/ vggdr’:(/ vdr') —ryv(r?).

Similarly, by the Lebniz rule, we have

rw

8 rw / / w_w w ’ /
— rudr =rerfu(r’) + T ugdr,
ax T T

For convenience, we define that

Q(z,7,t) = 1/T su(x, s, t)ds.
0

r

Comparing the above relation with Eq.(3.7), we observe

Q = Su(") + 0(s?).

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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By Eq.(3.3), we obtain
0
E(m) = —Tuy,
ry = —/ sugds,
0
1 T
v = / su.ds.
™ Jo
We then have:

v=—Qu(x,1 ).

Additionally, because of Eq.(3.13), we obtain

v = —iu(rw) + 0(6?).

21

(3.14)

(3.15)

(3.16)

Then differentiating both sides of Eq.(3.16) with respect to =, and substitut-

ing the result into Eq.(3.7), one obtains

w

) =u(r®) + 6 [ L)+ 08

()2~ 2

T TOEY.

=u(r") + 8%ty
By Eq.(3.16), we also have that
v = _gu:vt + 0(6?).
Combing Eq.(3.2) and the relation we derived above, we obtain

pr =0 S (1) 4 O(e8”, %),

which leads to:

(3.17)

(3.18)

(3.19)

(3.20)
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Then we have the following equation

Tw)Q )

p(r) = plr) — () L 4 O, ) (3.21)

If we differentiate both sides of the equation above, we obtain that

(7’“’)2 — 72 rer

4

w W
T

+ 0(e%,6%).  (3.22)

pI(T) = P? - 52urzt(rw) — (52um

Combining Eq.(3.9) and Eq.(3.1), we have that
ug + euty + pp = O(e6?). (3.23)

We substitute Eq.(3.17) and Eq.(3.22) into the relation above, to obtain

) -

— + eu(r?)ug (r*) + pg (r?)
) -
4

e (1) + 0% Uggt
3.24
. (324)

o5 = 0(c”,5.

T
— 52uxt

2
— 0 Uzt

Combining Eq.(3.4) and Eq.(3.16), we have

sl = i+ 0,

thus w
1 = —%uz — %y + O(52). (3.25)

Substituting Eq.(3.5) and Eq.(3.25) into Eq.(3.24), we have

u + euuy + (B(x)n), — a62(%u$) — aéz(r;"u)xt
ot (3.26)

rw,r,w

Tx = 0(6(527 54)7

—(52'11,5,;,5

2E(x)
5 ()

where a = p{;‘—}tf‘ and f(x) = . We can substitute r” = ry + en into
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Eq.(3.26), then we obtain

u + euuy + (B(x)n), — aéz(%um) — ad*(rogu),,
-~ (3.27)
—52%? = 0(ed?, %),

For Eq.(3.27), we can also discard the high-order terms and go back to the

dimensional form, which is

E,(x)h ) —ﬂ(@ux) pvh

up + utg + ( — ——(T0xt) 4y
T%p = 1% 2 Tt P v (328)

—u ToT0x -0

xt 2 )

where the tildes in the dimensional variables have been omitted for conve-

nience.

Integrating both sides of Eq.(3.3), gives

w

rYu(r?) = —/ Suzds.
0

Then we substitute Eq.(3.4) into the left-hand side of the relation above,

and we have

w

T
r(m +ryu) = —/ Ssuzds
0
Then we substitute Eq.(3.17) into the Equation above, and we have

w

r rw 2 r2
r(m +ryu) = —/0 r [uz(rw) + 62 (um(rw)<)4)

v rw w\2 _ .2
= —/ suz(r?)ds — (52/ suxm(rw)u
0 0 4

+0(6%)

w

—52/ sum(rw)r 27"35 + O(delta®)

0

_ (Tw)z 2 (Tw)g 2 (Tw)?)rgcu 4
= 5 Up + 0 Uggy 16 0 Uy 4 +0(6%)

(3.29)
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Thereby we obtain the second system equation

v rw 27411) rw 3
N +ryu+ 5 Ua 52um( 31 =+ 52%3:9:(16)

= 0(6%), (3.30)

we can then discard the high order terms and go back to the dimensional
form. For convenience, the tilde above the dimensional variables are dis-

carded
w w2,.w w3

r
ot a Ux —z Tx —n Ugxx — Y. 31

m—i—rxu—i—zu—i- 1 U +16u 0 (3.31)

For Eq.(3.30), we make the substitution 7 = 7y + en and discard the high-

order terms, then we have

2 3
T € T T T
M+ Togt + €Ngth + — g + —nux + 52um( 0) 7oz + 52umx@ =0. (3.32)
2 2 4 16
The equation above can also be transformed to dimensional form
2 3
r )T r
Nt + TogU + Nzt + Eoux + gux + um( 0)4 <4 Umzx(loﬁ) =0. (333

Now we obtain the system of variable radius system, which is

0
:
ut + euug + (B(z)n), — ad?(Suz)  — ad*(rogu),
¢ 2 O at (3.34)

—0ua g = O(e6?, 5",

2 3
Nt + TozU + €Nz + %Ux + %Ux + 52uxx (T0)4 [0 + 52uzx:p(rlo6) = 0(6527 54)
(3.35)

The system above also have the dimensional form:
x)h “h T w

wet g+ (F2y T ),

ey P2 et p (3.36)
7070z
—Ugt =0,
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2 3
T 70)°T0 T
nt+r0zu4r77mu4r2ux+gux+um( )4 B (1(2

3.2 The equations at the center of the vessel

For convenience to do the comparison with the result in Chapter 6, we
rewrite Eq.(3.30) in the following form:

2 3
A € A T A
Tlt+7“0xuw+677xuw+2ou;”+2”uf+52u’;m( 0)4 0 4 g2 106) =0, (3.38)

which is from last section of this chapter. The upper label w is used to
indicate put to notice that the velocity is essentially the horizontal velocity
at the vessel wall. If we denote the horizontal velocity in the center of the

vessel wall by ug, and combine with Eq.(3.16), one obtains that:

2 (Tw)2 4
u =ug — 0*ul, 1 +0(4%).

ug is the horizontal velocity ar the center of the vessel. Since we already
have
u? =u(r) + O(e,0%), ™ =ro+en

we can rewrite the above equation as

u = ug — 52UOMT + O(ed?, 6%). (3.39)
Now we have
w 1 2 2
TozU" = TozUo — 15 70270 U0z 5
Eux = EUOx - gTOUOxzx - 15 T0zToUOzx -

Then for Eq.(3.38), we have
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2 3
Nt +ToxUo+ €Ny U0+ Louox—i- ﬂuozlc — 5% U0 gy (ro) o —52u0mmm = 0(ed?).
2 2 4 16

(3.40)

Now we study the equation of Eq.(3.23):
up + eutty + pr = O(e6?). (3.41)

consider when r = 0:

Uy + eupgUo + por = O(ed?), (3.42)

where poy = pz|r=0. For the pressure, we consider Eq.(3.22):

wy\2 _ .2 w,.w
palr) = pb — 52um(m(7")47" — g+ O(ed%,6Y).  (3.43)
Taking r = 0 for Eq.(3.43), we have:
2 (Tw)2 2 Yy 2 ¢4
pe(r =0) = pa(r™) — 8 uge: (1) — 0 Uz —= + O(e0%,6%).  (3.44)

4

Since we have By Eq.(3.8), we know that:
Uzt (Tw) = UQgzt + 0(52)>

ua:t(rw) = Upgt t+ 0(62)7

where ugz,+ denotes ugqt|r—0) and uo,¢ denotes ugy|r—o). Then for Eq.(3.44),

we have
w52 (r)? T 2 <4
px(fr = 0) = px — 5 UOzxt 4 — (5 UQxt =+ 0(65 ,5 ) (34:5)
Since r = 1o + en, for Eq.(3.45) we have
2
pa(r = 0) = p¥ — 62ugear (TZ) — gy "”072"090 + O(e82, 5. (3.46)

Now we have the following equation after combing Eq.(3.42) and Eq.(3.46)
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after discarding the high-order terms:

(ro)® 52, 070z

1 upsy g = 0. (3.47)

9
uot + €UQUOL + Py — 0 Uzt

Eq.(3.47) is very useful to make comparison with the models.

3.3 Solitary waves of the Boussnesq system

Solitary wave solutions can propagate without change in shape and
speed in a uniform medium. For this reason we consider the case where
ro and E(x) are constant. Then Eq.(3.34) and Eq.(3.35) become

3

M+ enu + - ot + Znum + 52 Stiazs = O(,8), (3.48)
52
up + euug + (Bn), — a;roumt = 0(62, (54). (3.49)

In order to find the solitary wave solution for Eq.(3.48) and Eq.(3.48),

we take

n=n(z—c),
u=u(x — ct),

where c is a constant [7]. Let y = = — ¢t, and consider the derivatives with
respect to y of 7 and u. Thereby for Eq.(3.48) and Eq.(3.49) we obtain
—en +€7]U+§u + 277u +5QI% "=,
2 m

—cu + euu + By + carou = 0.

To solve the previous equations, we assume that u = by, thus

3
l ’ T ’ € l T "
—cn +enbn+ Eobn + §nbn + (52%1777 =0,

2
—cby + eb’nn + By + coz?robn =0
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Since the solution for the equations are solitary wave, as y — oo, n,u — 0.

Then we can integrate the equations above and rearrange the terms,

b 3eb 52r3 !
3= S+ b —0
(3.50)

ev? 5 cad®rob u

(B—cbhn+—n"+—5—n =0

Now we consider the two equations above are the same, or we will have

trivial solution. So we must have that

rob eb? 3eb
(5~ =" (B—cb)
(3.51)
2,3 12 2
o“rg i _ 3eb cad“rob

16 2 4 2

Solving for the Eq.(3.51), we have that

2
LY A (352)
r2 + 127”004 2\l arg + 12rpa?

Then we have solitary wave solution

n(z,t) = 2vB(6a — 20\)/&” g 12000 4 (X1), (3.53)

x 32(6cc — 7"0
1= 3027, 5 arg + 12r0042 '

where r( is constant.




Chapter 4
A general system

In this chapter we continue the derivation of the previous chapter. We
derive a general system where the horizontal velocity is evaluated at any
distance from the center of the tube. Special emphasis is paid on the case
of constant radius vessels. We also derive unidirectional models and ob-
tain the dissipative Boussinesq system by taking the viscosity effects into

account.

4.1 Further developments

In the previous chapter, the velocity u is evaluated on the wall, and is

denotedby u". In order to derive the general system, we consider that

(Tw>2 2

u®(z,t) = u(z,r,t) — 6%u’, (z,r,t) 1 !

+0(8%),

which is from Eq.(3.17). Here we can take

r=6r",

with 0 < 6 < 1. Then we have the velocity for any r. Additionally, we
denote u(x, 0r2,t) by u’(z,t) for convenience. Then we have that

(16’

I + O(6%). (4.1)

w _ 0 2.0
u’ =u —0%u,,

29
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Following the derivation of the previous chapter, we have

1 r2ro.(1 — 262
ne + = (ro + en)ul + (ro + eng)u® — 62Mu9

2 4 T

(4.2)
3092
12T0@ =) o o, Y,
16
1-— a52r0m u? + B(x)n]., + euluf — 527“035 o+ 1o ul

t x T xt )
o (4.3

_(52 [30[ (1 0 )TO}TOUG 0(6(52,(54).

6 xat —

By Eq.(4.2) and Eq.(4.3), we also have the relations between the low-order

terms:
N = %roug + rogu’ + O(e, (52), (4.4)
uf = =[B(z)n], + O(e,6%). (4.5)
From Eq.(4.4) we know that
0 _ 0 0 2
TOUpgr = _277th - 5r0wxux - 4T0wu‘9rx — 2rogzatt’ + O(E, 1) ), (46)
and by Eq.(4.5), we have
s = —[B(x)N] 10y + Ole, 6°). 4.7)

To derive the general system, we make the following substitution:

0 _ 0 0
Upgy = VUgay + (1 - V)“’:ca;x?

0 0 0
Upyt = HUgqpt + (1 - :U’)umctv

where i, v, € R. By Eq.(4.4), Eq.(4.5) and the above relations, we have the

general system

1
N + i(TO + 677)“2 + (TOI + 6%)“9 - 52A(x)u2::c + (523(1‘)’&2:01,— (4 8)

520(1:)(57“gmu2 + 4’/“0qu$ + 270paat’ + 2Mzt) = Oe, 52),
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(1 — a6 rogar)uf + [B(x)n], + eu’ul — 6°D(z)ul,
(4.9)
+32G(@) 8@y — O F (@)l = Ofe,87),
where

r2r — 267 r3(20% — 1)v

Az) = M’ (z) = 0(29161)’

r2(20% — 1)(1 —v) ~ roz(3a+10)

Oy = WY pgy = TS0 L0,
G(J?) — [204 + (1 ;62)TO]TOU’ F(:L‘) _ [2C¥ + (1 — 924)7’0]7"0(1 — M) '

The dimensional form of Eq.(4.8) and Eq.(4.9) is:

1 0 0 1 6 >, 0
m Q(TO 77)% (TO n. )u (x)uxx (x)ux:c:c (l].O)

C’(x)(5TOxxuz + 47“(]qu$ + 2T01xwue + 27713:15) = O,

(1 = arosat)uy + [B(x)n], +u’uf — D(z)ug,

o - (4.11)
+G (@) [B(2)0] 5 — 82 F (2)ugy = O(e, 8%),
where
- r3ros(3 —20%) r3(20% — 1)v
A(w) = 2255, Bla) =
~ L Ta(207 —1)(1 —v)
C(.f) - 0 16 )
~ . roz(3a+ 1)
D) = 20 L0,
264 (1= 6%)rolrop
G(.I') - 4 )
— o [2a+ (1= 6*)rolro(1 — p)
F(z) = i 070 .

Observe that if we take % = %, p = v = 0 for Eq.(4.8) and Eq.(4.9), we

will obtain the simplest system:

1
e+ 5 (ro + en)ul + (roa + ena)u’ = O(e6®,6%), (4.12)
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3 "
(1-— a527“omt)uf + [B(z)n], + eueuz — 52(04-1-27“0)7“0uzt
(4.13)

Bt T0)10,0 - O(es?, 5%).

_52 ] Upat =

We can also go back to the dimensional form for Eq.(4.12) and Eq.(4.13):

1
N+ 5(7"0 + n)ufc + (roz + nx)ug =0, (4.14)

(1— @TOxwt)uf + [ﬂ(x)n}x + ueug — Mue

2 " 415
(40_[ + 7“(])7“(] 0 ( ) )
7?“1&1& = 0.
where w E(x)h
_p - T
a=—-, f[B= 5 -
p rop

Notice that the E(z) here is the dimensional variable before scaling.

4.2 The system with constant radius

In this section we study the model with constant radius and Young’s
module. Then Eq.(4.8) and Eq.(4.9), we take the following form:

1
N + 5(7"0 + en)uz + enxue + 527‘8au2m — 52rgbnmt =0, (4.16)
uf + BN + eueuz + 527“35677”90 — 62r§du§m =0, (4.17)
where
. (202 — 1)v - (202 —1)(1 —v)
N 6 8 ’
Qo (- (2t ()1 -p)
- 4 b - 4 .

In the previous parts, we saw that the form of « is
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where R is the characteristic radius used in scaling. Now we can make

some simplification since now the radius r is a constant. Then we can take

ro
R=-
2’

therefore the system of Eq.(4.16) and Eq.(4.17) can be written in the follow-

ing form:
1
ne 4 ul 4 §6nu§ + engu’ + 86%aul,,, — 462 b1gr = 0, (4.18)
ul 4 Bn, + eu?ul + 462 Benppy — 46%dul, = 0, (4.19)

and the « is now of the form:

2p"h
o=

pTo

)

which is a constant that has no relation with scaling variables. Since that
the Young Module F is scaled in for the non-dimensional form of 3, we can

take 8 = 1 for convenience. In fact, we will have the form of:
Ny + up = 0(6,52),

Uy + Mg = 0(67 52))

which occurs very often in the scaled Boussinesq system. Of course we also

can take R = rp. Then the system will be:
Lo, 1 o 9§20 2
ne + JU + 5 €Ml + engu’ + 67 aug,, — 0°bnye = 0, (4.20)
uf + Bne + eu’ul) + 52 Benee, — 6°dul,, = 0, (4.21)
The dimensional form of the previous system with constant radius is:

1
e+ fug + nxue + rgauzm - r%bnm =0, (4.22)

Eh Eh
uf t 5Nt uﬂug + 727‘(%67719090 - T(%duzxt = 0. (4.23)
PTo J4i)
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The linearisation of the system around the trivial solution is:

1
N+ irouz + rgauzm - r%bnmt =0, (4.24)
Eh Eh
0 0
u; + p—?%nz + p—?%rgcnzmz - r%dumt =0. (4.25)

The linearized system will be used in the following chapters.

4.3 One way propagation models

In order to derive one-way propagation models, we consider the system
of Eq.(4.14) and Eq.(4.15)

1
e+ 5(7“0 + n)ug + (roz + nx)ue =0, (4.26)

_ ~ 3a+ 19)rox
(1~ aroae)u + (3G, + i, — B TON0r g
(4.27)

(4@ + TQ)TO 0

Now we take the Young modulus E and the radius 7 to be constant. In
order to carry out the calculation, we use the scaling which was used in
Eq.(2.77) in Chapter 2. Let a be the characteristic displacement and A be the

length of the vessel. Then we take the non-dimensional quantities

L 1 a [2E:h 2a\ (4.28)
=2 Cp=2 2t o202
T ro\l pro r0Co

Thus for the derivatives of the variables, we have

T Ll Tear T L
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a CO *
Nx = an*a Uy = 7“9:*7

Co * al %
Ut = (e Nett = ~ Nop* o -
T t* )\7_2 xrr*t

Set e = %, 62 = f\—‘z, where e characterises the nonlinearity and 52 the
dispersion. We also assume Stokes number of the fluid 3 = O(1), and this
assumption means that the dispersion and nonlinearity are equally impor-
tant. Then the system of Eq.(4.26) and Eq.(4.27) take the form:

Ny + 2enet™ + en*uin + upe =0, (4.29)
wpe 4+ Nl 4 2eutut — 62duts ey = 0, (4.30)
where d = 4%E We rewrite the model omitting the * in the form:
Nt + 2en,u + enug + uy = 0, (4.31)
g + N + 2€utty — 62dtge; = 0, (4.32)

To solve the system, we make the assumption:
u=n+eA+ 6B,

where A and B are functions of z and ¢t. Therefore we have

Uy = Ng + €Ay + 523:{;;
up = + €Ay + 0° By, (4.33)
Ugzpt = Nzot + €Aprt + 52Bxa:t-

Substitute the relations above into Eq.(4.31) and Eq.(4.32), we have
T+ 26120 + 1 + €Aq + 62 By + 2, = O(e%,6%), (4.34)

M+ €A + 62 By + 2emmy + g — 0%dnpar = O(€26%). (4.35)

In order to find nontrivial solutions for Eq.(4.34) and Eq.(4.35), we compare



36 CHAPTER 4. A GENERAL SYSTEM
the coefficients of the equations, immediately we observe the relation :
Az + 30z = At + 201, (4.36)
By = By — dnjgat (4.37)
By Eq.(4.34) and Eq.(4.35), we know that
ut +uz = O(e),

thereby
N+ Ny = O(Ea 52)

Then we combine Eq.(4.33), one obtains
€(A; + Ap) + 6%(By + B,) = O(€,6%).

So we have that
Ay + Ay = O(e,6%),
B; 4+ B, = O(¢, 6%).
Then we solve for Eq.(4.36) and Eq.(4.37), we have the following relation

1

Ay = 5>
d
By = Ena:xt-

Now we can subsitute A; and B; into Eq.(4.35). Hence we obtain the BBM

equation for the system:

e d
M+ e+ e — 507 = 0, (4.38)
and the KdV equation.
be d
Mt + Na + 5777755 + 56277969090 =0, (4.39)
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Then we have the dimensional form of Eq.(4.38),

1 [2Eh 5 |2Eh r2d1 [2Eh
W20 ore T o\ o e £ g Mt = 0, (4.40)
2\l pro 4rg 2 2

and the dimensional form of Eq.(4.39),

1 [2Eh 5 [2Eh r2d1 [2Eh
ne+ s/ —n+-— g M + 1% 77790190 =0. (4.41)
2\ pro 4rg 2 2 pro

4.4 Dissipative Boussinesq systems

In order to obtain a more accurate system, now we can take the viscosity

into account. Recall the Euler equations in the previous chapters:

U + eutly + €, + pr = 0, (4.42)
6%[vs + euvy + evv,] + pr = 0, (4.43)
rug + (rv), = 0. (4.44)

Since we are going to take the viscosity into account, we need to use the
Navier-Stokes equation, which can be written in cylinderical coordinates

in the non-dimensional and scaled form:

Up + €Uy + €VUp + Py = 1 [1 (ruy), + 6 gy, (4.45)
02 Re
6% [ve 4 euvy + evvy] + pp = i[l(rw) LA 644, (4.46)
Re'r o2
rug + (rv), =0, (4.47)

where Re is the Reynolds number and defined as:

AC
Re = —.
K
In the relation above, ~ denotes the kinematic viscosity and ¢ is a constant.

We assume that the viscosity is very small, specifically we take:
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1 _ 2

After discarding the terms of O(e, §%), we have the following system:

1 11
Ut + €Uty + vy + Py = @E;(Tur)w (4.48)
82[vs + euvy + evvy] + pr =0, (4.49)
rug + (rv), =0, (4.50)

Following some heuristic arguments [12], [20]. We apply a further sub-

stitution, taking

u(z,r,t) = u(x, t)p(x,r,t) + 0(52),

and assume that

rw2 _ 7.2

P(x,r,t) = 25—
0

Thereby we can see that the viscous terms has the form as below:

1 u®
;(TUT)T = —8¥

Hence we rewrite the system:

1 8 uv
U + €uly + evuy, + py = _ﬁﬁ%’ (4.51)
0
82[vs + euvy + evvy] + pr =0, (4.52)
rug + (rv), = 0. (4.53)

Following the same derivation as in Chapter 3, we obtain the Boussi-
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nesq system:

0

up + euug + (B(x)n),, — 0452(%%) T ad(rogu)

52 T0T0x 1 8 uv 0 (4.54)
— 0 Upp—— — = —— =
S 62 Re r¢ ’
2 3
T € r0)°T! T
Mt + 70z + €Nzu + juz + ﬂux + 52“:)::1:( 0) 0 =+ 52“90351@ = 0. (4.55)
2 2 4 16
The system of Eq.(4.54) and Eq.(4.55) can be written in the dimensional
form:
Es(x)h Yh T “h
wt g+ (B2 Ry ),
x
0 o o o (4.56)
— Uyt 0”0z +8k— =0,
7o
2 3
T r0)°T! r
Nt + TozU + Nzu + 501% + gux + um:p( 0)4 0 + u:m:x(lo6) =0. (457)

Recall that Eq.(4.14) and Eq.(4.15) form the simplest system among all the

systems in this chapter, we can also take dissipative terms for them:

1
N+ 5(7’0 + n)ug + (roz + nm)ue =0, (4.58)
_ — 3a+ rg)r
(1- aromt)uf + [B(x)n], + ueuz — (20>0$u§t
(4.59)
4a 0 :
_Wugm L8nl =0,
To

which will be convenient for some numerical computation to test the model.
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Chapter 5

Properties of the general

system

Some important properties of the general system are being studied here.
We study the dispersion relation of the general system and that of the Eu-
ler equations. We study the well-posedness of the linearized systems and
weakly non-linear systems. Then we invesigate the existence of solitary

wave solutions.

5.1 Dispersion relation for the Euler equations

Now we consider the dispersion relation of the Euler system in this

study. First we linearise the non-dimensional Euler system as below

u + 22 =0, (5.1)
p
v+ 2=, (5.2)
P
v
And for r = r%, we have
U =", (54)

41
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Eh
phng =p — —5 1 (5.5)
L

Additionally, we have that v = 0 when r = 0. Suppose the variables has
the following relations

U :uo(74)ez(k:c—<m€)7
— i(kxz—wt)
v =vp(r)e ,
o(r) 5:6)
P :po(r)ez(lm—wt)7
n :noei(kxfwt),
where uo(7), vo(r) and po(r) are function or r and 7 is constant.
From Eq.(5.1), we have
ur + 225 — 0, (.7)
p
For Eq.(5.2), we have
nx + bt _ 0, (5.8)
P
For Eq.(5.1), we obtain
po = %uo (5.9)
By Eq.(6.7) and Eq.(5.9), and consider the relation in Eq.(5.6), we have
ik’Uo = UQyp- (510)
So we have that
ik’U()r = UQpy- (5.11)

Then we substitute Eq.(5.11) into Eq.(5.3), one obatin

TUQrr + Uor — Tkzu() =0, (512)
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which is the Bessel equation. Since we have
v(0) =0,v = vo(r)ei(k:”_“’t),

we conclude that
ugr = 0. (5.13)

Similarly, we have that ug, = wkno by Eq.(5.4). Combine Eq(5.13) and the

knowledge of the Bessel function, one obtains

~ nowlo(kr)

ug(r) = “Tkre) (5.14)

where I and I; are Bessel functions.Now we consider the boundary con-
dition when r = ry, By substituting Eq.(5.9) and Eq.(5.14) into Eq(5.5), we
obtains the relation between w and k,

2 Eh 1"0]{3[1(]6’/“0)

- , (5.15)
T [;)7’0 k[l(k'l“()) + Io(k'l“o)

For convenience, we denote the dispersion relation for the Euler system by
we. Now we study the phase velocity of the Euler system, and consider that
the system is under the long-wave condition, which means that & is very
small. Then we can use the Taylor series to expand the phase velocity. Since

the phase velocity is defined as:

ce(k) 4o+ 1 o 1440% 4+ 72a + 13 4
=1-

co 94 (Tok) + 3 % 29 (Tok)

960 + 72002 + 228a + 31 6
- 13 (Tﬁk)

3x2 (5.16)

403200 x o + 40320002 + 18000002 + 42480 + 4591 s

+ (Tok)
5x 3 x 219

+O(k'),
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where ¢y is the Moens-Korteweg characteristic velocity, which is defined

Eh
co= 4] —.
0 2pr

as:

5.2 Dispersion relation of the Boussinesq system

Similar with what we have done in Chapter 3, we can also compute the

dispersion relation of the general system with constant radius. We take that

0 ei(kx—wt)

i(kx—wt
i = ug (ko)

, 0’ =noe

and then we consider the linearised system of Eq.(4.24) and Eq.(4.25):

1
N+ irouz + rgauzm - T%bnm =0, (5.17)
Eh Eh
0 [%
up + p7377"” + p—rgrgcnmx — r%dumt =0. (5.18)

Thus we can compute the dispersion relation,

_ En(1- c(rok)?) (3 — a(rok)?)
pry (14 b(rok)?) (1 + d(rok)?)

w? (k) (rok)?.

Denoting the w for the Boussinesq system by wg, we compare it with the
dispersion relation of the Euler equations, which has been computed in

Section 5.1: Eh Kl (kro)
1\RT0
Wz(k) = 3 27 )
PTy ’I;Tokfl(kﬂ“o) + Io(kﬂ"o)
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which has the Taylor expansion as:

da+1 14402 4+ 72+ 13

=1 k)2 k)
¢ g1 (Tok)” + 3% 29 (rok)
96003 + 72002 + 228a + 31 6
- 13 (T‘Qk)
3x2 (5.19)
+403200 x a + 4032000 + 18000002 + 42480« + 4591 (rok)®
5% 3 x 219 "o
+0(k'9).

We can also take the Taylor expansion for the Boussinesq system:

cp(k) o 4o+ 1
Co 24

1
—5gl64n - 48)a® + (64u(1 — 6%) + 326% — 40)«

(rok)?

(5.20)
F16(p + v — 1)0* — 8(dp + 20 — 3)6% + 16+ dv — 1] (rok)*

Ps3

P
513 (rok)° + 55 (rok)® + O(K%),

219

where P53 and Py are polynomials of «, y, v, and 62. Observe that the first
two terms of the Euler system and all Boussinesq system are the same, and
the differences between them can be reduced by choosing different 1, nu
and 6. Then we can take #% = 1/2 and p = v = 0 for simplification and take
only the low order terms of Eq.(5.20), which leads:

14402 + 72a+ 9
3x 29

cg(k) :17404—%1

2
Co 24 (TOk) +

(rok)*. (5.21)
Then terms of Eq.(5.21) is very similar the low order terms of the Euler
dispersion relation. Observe that the terms of k? are the same and we only
have a small difference in the term of k*. Now we consider the realistic
data [23] in Table 5.1:

The graph with two dispersion relations is presented in Figure 5.1, where
the red curve represents the Euler equations and green curve represents the
Boussinesq system.
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Parameter corresponding letter
Vessel’s length L 1.26 x 10~%m
Vessel’s nominal radius R 3x1073m
Vessel’s thickness h 3 x 1074m
Wall density pv 1000kg/m3
Blood density p 1060kg/m?
Young’s modulus E 4.07 x 10°kg/(msec?)
Kinetic viscosity K 4 x 1075m/sec

Table 5.1: Parameters in the numerical experiments

5.3 Linear well-posedness of the Boussinesq system

In order to study the well-posedness of the system, first we consider the

general linearised system

1
M + iuz + 0%aul,, — 0*bnper = 0, (5.22)
uf + B + 02 Benpps — 52du2xt =0, (5.23)

where a,b,c and d is defined as in the previous chapter:

(202 — 1)v (202 —1)(1 —v)
S 8 ’ (5.24)
Lot (=) ot (1-6)(1-p '
4 ’ 4 '

We denote the L,(R) norm of a function f by |f|, and the norm of the
Sobolev space H*(R) by || f||,. For a norm on H*, we have

S 7 2
Hng = 2i:1|f( )‘2~

And if s is not an integer, we take

+oo s
2= 5= [ 1m0, (5.25)

—0o0
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Figure 5.1: Dispersion relation (Euler in red and Boussinesq in green)

Now we are going to consider the initial value problem with

n = ¢, up="1.

Both ¢ and v tend to 0 as x goes to positive or negative infinity. Then we

take the Fourier transform with respect to z, which leads to:

d . ¢
p < s ) + ik A(k) ( ; ) =0, (5.26)

>

where

11— 26%ak? 1 — 6%Bck?
T2 1tk P71t 0%k
Thereby we know that for the initial value of 7y and ug, we can solve for
Eq. (5.26), and obtain:

w1
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( A) :e—MA@ﬁ< ?’) (5.27)
u uo

We can diagonalize the matrix A(k) as:

>

A(k) = PBP!,

where P is an invertible matrix and A is a diagonal matrix. Then we have
that

Now we take
1
o(k) = w1 (k)wa(k)|2.

Since
1 _
ePAP — P€AP 17

then for wy (k)wa(k) > 0, we have

kAR cos(ko(k)t —isin(ko(k)t) W;(SS)
¢ - o) (5.28)
isin(ko(k)t) Ul(k) cos(ko(k)t).
When w; (k)w2(k) < 0, we have
.. w1 (k
—iEAG) _ cosh(k:a(k)i N —isinh(ko(k)t) al((k:)) 5.29)
isinh(ko(k)t) Ul(k) cosh(ko(k)t).

By the theory of Fourier multipliers [3], we know that the system is well-

kA(K)t is bounded in finite intervals of . Thus for

posed if the matrix e~
each combination of the parameters the rational function ! has neither

zeros nor poles on the real axis. The exact form of w; /wy is:
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wi  11—20%ak® 1+ 6dk>
wa 2 14 02bk2 1 — 62Bck?’

Obviously we have that 5 > 0, so we only need to analyze if a, b, cand d are
positive, negative or zero. Here we have four factors, 1 — 26%ak?, 1+ 6%bk?,
1+ 2dk? and 1 — §2Bck?. Since we don’t want the result to go across 0, and
obviously for some k all factors have positive value, we need the factors
to be "properly” positive. First we can assume that all factors are positive,
then the ratio is always positive. Then we can consider the case when some
negative factors can cancelled with some other factors. Hence we know

that one of the following conditions must hold:
(C1) b>0,d>0,a<0,c<0,
(C2) b>0,d>0,2a=pc>0,
(C3) b=d<0,2a=pc>0.
By Eq.(5.27) and Eq.(5.28), we can obtain that

R w R ~12 w
w9 w2

Here we can define the Fourier multiplier operator H as following:

2

~

(8

where
w1 1/2
h(k) = > .
w2

Then the ”"energy” for any s of the solution is, [4] :
Inll* + 1Hull” = [l8]* + 1]

By Eq.(5.25), we know that the operator H raise the order of the correspond-
ing variable by . Then we obtain the following :
Theorem 5.1 Let a,b, c,d satisfy (C1)-(C3). Define the order [ pseudod-

ifferential operator H as above and set m; = max(0, —), ma = max(0,1).
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Then the corresponding linear initial-value problem is well posed in H s+ma
H*™™2 for any s > 0.
For example, if (C1) is satisfied, obviously that ¢! is always positive. In

either of the above conditions implies that wjws < 0. Now we investigate
the linearised system Eq(5.17) and Eq(5.18).

1
M+ §ug + 6%aul,, — 6%bnper = 0, (5.30)
uf + Bt + 0 fenazs — 8%dugyy =0, (531)

(i) For a classical Boussinesq system, we have
9 1 o
0 = 5 Vis abitrary, i = 0.

Then we know that

Hence it satisfies condition (C1).

(ii) For a BBM-BBM type system, we have
w=v=20,

thus
267 -1 20+ (1-6%

8 4

Since a = ¢ = 0, it only can be C(1) if the system is well-posed. Thus we

a=0, b

c=0, d

need 0 satisfies that:

1
Mgé, 62 < 20 + 1.

(iii) For a KdV-BBM system, we have
v=1, p=0,

thus
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Then it can be seen if a is not 0, the system is not well-posed.
(iv) For a KdV-KdV system, we have

thus
2071

200+ 1 — 6?
b=0, a= c= ot

8 4 ’

Observe that ¢ > 0 the situation is similar to (ii), hence we have if

d=0.

:2a5+,3+1

6> ,
8+2

the system is well-posed.

(v) For a Bona-Smith type system, we have
v =0, pisarbitray provided 2(a + (1 —6%))u < 0.

Therefore only (C'1) can be satisfied if the equation is well-posed. Then we
know that b > 0, d > 0. Since (o + (1 — 6?)) > 0, we know that u < 0.
Hence we have when

6% >

)

N | =

the system is well-posed.

5.4 Well-possedness of the non-linear system

Here we consider the local existence and uniqueness of solution of the

non-linear system:
1
n + 5(1 +en)ud 4+ engu® + 6%aul,, — 6%bnpe: = 0, (5.32)

u? + Bne + eugug + 82 Benpes — 52dugl,t =0, (5.33)

with [3]:

b>0, d>0.



52 CHAPTER 5. PROPERTIES OF THE GENERAL SYSTEM

Then we take Fourier transform with respect to x:

111
d 7 (e + 5uzn)
= + ik A(k)
dt \ 4

) __apt| 21 + 97k 2 7
T 42
21+ 62dk2"

5 D

(5.34)

_ 11 —26%ak? 11— 6%Bck?
2 14 82k27 1+ 62dk2?”’

w1 w2 =
which is the same as in the previous section. In order to study the well-

possedness of the system, we take the change of variables as below:
n=H(v+w),

U =0 — W,

where # is the Fourier multiplier, which satisfies:

Ha = h(k)a(k),  h(k) = (ji’,j;)

Then Eq.(5.34) will have the form:

d (o o) 0 0\
i) (0 ) ()

Ll taw) (5.35)
—ikpt| 21+ e /52 S
21+ 0%dk?"
where
Ly
o(k) = (wr(k)wa(k)}, Pl =2 (k)
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For Eq.(5.35), we consider H of different order.

Consider first H is of order 0. Here we also need to apply the condi-
tion when the system is linearly well-posed, which means that one of the

following conditions holds:

a<0, ¢c<0, b>0, ,d>0
(5.36)
or a=c>0, b>0, d>0.

At the beginning we consider the equivalent system Eq.(5.35) completed

with initial values vy, wg, where

HH(p) + 1

vy = 9 € HS(R)a
wy = H_l(?_w e H*(R),

Then we take the inverse Fourier transform for Eq.(5.35), it follows that

0 v v v
(%<w>+8<w>:}'<w>, 537)

where

w

(I = 62d02) " (v — w)d, (v — w)

I is the identity operator and (I — (5%83)71 is the inverse operator of (/ —
§2b02). If S(t) denotes the group generated by B, then we know that it is a
unitary group on H*(R?) [3]. By Duhamel’s formula, Eq.(5.37) also can be

written in the following form:

v B 0 t . v .
(w)_s<t>(wo)+/os<t )f(w)d.

Now we consider some (f1,¢1) and (f2,g2) in a closed ball of radius R

centred at 0, which means that

r < v ) __p ( (I — (52b8§)—1[%7—[(v +w)0 (v — w) + O H(v + w) (v — w)]

)
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LA + Nlgnls < B2,
1f2ll? + llg2ll? < R%.

Let A = (1 —42b02)"", we have

A o
9 92 Lo
where
L - A1[§%<f1 FO =) +OHG ) (R
—5H(f2+92)0u(f2 = g2) + OuH(f2 + g2)(f2 = 92)],
Ly = Al(fr = 91)0:(f1 — 91) = (f2 — 92) 02 (f2 — g2)]. (5.40)

Consider that P~! is bounded, we have

ca) -7 (=)

where (] is a constant. For a function f = (f1, f2) in a product space X x X,

<

: (5.41)

the norm is defined as

12 = 1A Z + 1L f213.

Then we have that

cn) ()

By the definition of A, we have

< Cy(||ILa)lZ + | L212). (5.42)

[ L], < 02||%%(f1 +g1)0:(fi — 1) + OH(f1 + 91)(f1 — 91)

X (5.43)
—iﬂ(fz + 92)05(f2 — g2) + OH(f2 + 2) (f2 — 92) |12,
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and

IL2|ly < Csll(fr = 91)82(fr = 91) = (f2 = 92)8u(fo — g2) |32, (5:44)
where C; denote constants for i = 1,2, 3.. .. Since for a norm we have
la +b]|* < Ca(llall* + [1B]%),
thus we obtain that

[ L1, < C5(H%’H(f1 +91)0:(f1 —q1) — %%(fz +92)0:(f2 — g2)) |12,
+HOH (1 + 91) (1 — 91) — H(f2 + g2)(f2 — 92) 7o)
(5.45)

Then we consider the substitution

%H(ﬁ +91)0:(f1 —91) — %H(h +92)02(f2 — 92)
= JH(+ 9000 — 1) — H( -+ 90)0u(fog2)

FoHU+ 000(fa02) — SH( + 0200l — 90)  (546)
= SH( + 900l — 90) — (2 — 92)]
SHI1 = g1) = (f2 = 92)10:(f2 — 92),

QH(f1+91)(f1 — 91) — O H(f2 + 92)(f2 — 92)
=M1 +91)([r — 1) = BH(fL + 1) (L — 1)
—0:M(f1+ 92)(f1 — 92) — O H(f2 + 92)(f2 — 92) (5.47)
OH(fr+90)[(f1 — 1) — (f2 — 92)]
(

)
=0 H[(fr — g1) — (fa — g2)](f2 — g2)-

And we also can do the similar transform for L,. Applying the inequality
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la + blI* < Callal® + [1B]*),

again, we have

ISHU + 000Uy = 01) = SHU + 2002 — ) s

< Cr(I MU + 900l — 91) = (2~ ]I
g - 90~ (o= 2)ulfe - @)lEa) (549

< Bl gHU + g0IR-allOel( — 01) — (2 — 92)s

~IGHIG — 00) — (2~ IR l0u( o — 92) 2

Note that f1, g1, f2, g2 are all in the closed ball, and # is a bounded operator.
Consider the inequality

10zalls < Collalls+a,  lalls < Crollalls+1,

for arbitrary a, we obtain that:
0 0
F = ,
and there exists a constant C for which
(Y[ L [ f
g9 92 g1 g2

whenever (f1,g1) and (f2, g2) are selected from the closed ball By, of radius

<CR

R and center at 0. If we take some fixed

(’U(], ’wo) S HS(RQ),
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then we can prove on the basis that the mapping (o, w) — (v, w), with

(Z)—S(t)<S;)Jr/otS(t—s)}"(;)ds,

is a contraction of By, into itself for R sufficiently large [16]. Now we con-

sider the following lemma:

Lemma 3.1 If # has order 0, then it is bounded mapping of L,(R) for
1 < p < oo. The operator H is also a bounded mapping with bounded
inverse H*(R) onto itself for s > 0.

Then we can conclude the following theorem

Theorem 3.2 If A has order 0, assume that the condition in Eq.(5.36)
holds. Let s > 0 and (¢,1) € (H*(R))? Then there exist T > 0 and a
unique solution pair (1, ) in C(0, T; (H*(R))?) for the system of Eq.(5.32)
and Eq.(5.33). Additionally, (1, u:) € C(0,7: H s_l(R))2 .Moreover, the
correspondence associating initial data to the solution is locally Lipschitz

continuous.
The proof for H of order —1 and 1 of H are similar. Then we have:

Theorem3.3 If H has order —1, let (¢, 1) € H**! x H% s > 0. Then
there exist T > 0 and a unique solution (1, u) in C(0,T : H**1(R))xC(0,T : H*(R))
for the system of Eq.(5.32) and Eq.(5.33). Moreover, (1, u;) € C(0,T : HST1(R))x
C(0,T : H*(R)). The correspondence between initial values and solutions
is locally Lipschitz.

Theorem 3.3 If { has order 1, let (¢, ) € H**!'x H*, s > 0. Then there
exist T > 0 and a unique solution (n,u) in C(0,T : H*(R))xC(0,T : H*T1(R))
for the system of Eq.(5.32) and Eq.(5.33). Moreover, (1, u:) € C(0,T : H*(R))x
C(0,T : H¥1(R)). The correspondence between initial values and solu-

tions is locally Lipschitz.
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5.5 Solitary waves of the general system

In order to find solitary waves for the general system, we take the radius
ro to be constant. Then for Eq.(4.14) and (4.15), we have

1
N + i(ro + n)ug + nxue + r%augm — rgbnmt =0, (5.49)
Uf + /3% + ueuz + Brgcnxxx - T(Q)dugxt =0, (5.50)

Eh
2

where /3’ =z Then we take the ansatz:
0

n=n(r—uvt), wu=u(x—ot).
Now we substitue into Eq.(5.49) and Eq.(5.50) and obtain:

1 1
! / / / 3 1 27 1
—un + =rou +*77u +nu—i—7“ au —+ ur bn ——0,
2 2 0 0 (5.51)

—ovu’ + Bn' + uu + Br%cn'" + U'rgdu'” =0,

where the prime symbol denotes the derivative with respect to s = x — vt.

In order to simplify the Eq.(5.51) we assume:

u = kn.

Hence the above equations will be

1 1
—orf + Srokn’ + Sukn’ + ok + riakn” + vrgby" = 0, (5.52)

—vkn' + Bn’ + knkn' + Br%cn"’ + vr%dkn’" =0.
Then we collect the terms of different order of derivatives, one obtains

1 3k
—rok —v)n' + = + (argk + briv)n” =0,
(2 0 ) 9 (arg ov) (5.53)

(B —vk)y + k2’ + (cBr% + dvkrd)n™ = 0.

In order to get non-trivial solutions, the two equations need to be identical.
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After some computations, we have

~

. A_ 2 2_,8(6—2b+3d>
vk =38 —rok®, 1ok = 90 _3b13d
For convenience, we take
B(c— 2b+ 3d)
- 2a—3b+3d

Thereby we obtain that

. R R .
vk=38—-R, k=\/— v=4/—038-R).
o 70

Now the equation has the following form:

T0 /55 / 7“8 A A " o__ /
(28 =Ry’ — [cB+d(36 — R)ln"™ = iy’ (5.54)

Taking
To ~ N
—(28-R)=A
Deb-R) =4,
B :
E[cﬁ +d(35 - R)] = B.
Then we know that the equation has solitary wave solution when [7]:
AB >0,

and the solution is

n(E) = 3Asech2<;\/g (€+ ), (555)

where vg is constant.
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5.6 Existence of solitary waves

Here we consider the form of a, b, ¢ and d.

. (202 — 1)v - (202 —1)(1 —v)

16 8

B a+ (1 —6*))u B
c= 1 , d=

(20 +(1—6%)(1 — p)
T :

Next we study the existence of the solitary waves with the form of

Eq.(5.55) in the following systems:

(i) For the classical Boussinesq system, we have
9 1 . :
6 = 5 Vis arbitray, u = 0.

Then a,b, c are all 0, and d > 0. For the system of Eq.(5.53), we can find
that the coefficient of 1"’ in the first equation is 0, and that the coefficient of
1" in the second equation is dvkrg. Obviously by our definition in order to
obtain the non-trivial solution, none of v, k and ry can be 0. In the condition
of classical Boussinesq system, d is not 0 too. So the coefficient of "’ in the
second equation can’t be 0 too. Then these two equations can’t be identical.
So we don’t have the solitary wave solution of Eq.(5.55).

(ii) For a Bona-Smith type system: v = 0, € R, provided (2a + (1 —
6?)p < 0,b>0,d>0,a=0,c<0.Sincec <0, (2a+ (1 —6%) >0, we
know that i1 < 0, then we know that 1 — > 0, thus d > 0. To let b > 0, we
have

20° — 1> 0,

which means that
6% > =,

(iii) For a BBM-BBM type system, we have
w=v=20.

Hence we have that
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(202 — 1) d_(2a+(1—02))
R i -

In order to make the two equations in Eq.(5.53) identical, the following

b:

condition must be satisfied:

kzvrgb = %vk’Qrgd,

which means that

b:§d.
2

thus we can obtain the relation for 6:

20% — 1 =3(2a + (1 — 6%)).

Hence we know that the system has the solitary wave solution of form
Eq.(5.55) if and only if

0% = ga + %
However, we can see that since b = %d, rok? = 0. By our definition nei-
ther of ry and k2 is 0, so we can’t find solitary wave solutions of the form
Eq.(5.55).

(iv) For a KdV-KdV system, we have

Then we know that

2 _ _H2
R c:2a+(i )

8
Then we have

c
R=—.
2a

Since 0 < 2 < 1, we have ¢ > 0. Then we can compute for AB > 0, which
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leads to:

Since 3, ¢ > 0, we have:

c
— < 2.
2a

If a < 0, the above inequality holds. If a > 0, then
c < 4a,

thus
20+ (1 — 6?) < 46% — 2,

which leads to:
9 2a+3
0° > o

(v)For a KdV-BBM system, we have

v=0, p=1,
Then we know that
_ p2 2 _
d:(2a+(1 9))7 a:29 1’
4 16
b=c=0

Then we know that under this condition, we can compute for A B

ro(6? — 6a —2) - 5 1

A: = _—
302 —1—2a)’ “o

3
17‘892 + g?"g

In order to satisfy that AB > 0, we need:

6 + 34a + 4802 — 702 — 2002 + 26*

24(1 1 2 — 67) > 0.
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5.7 Symmetries

To study the symmetry properties of the solution, we computed the
symmetry point transformations of the system of Eq.(4.22) and Eq.(4.23)

for all i, v and 6. The solutions remain symmetric with respect to time and

-1
=3,

an additional symmetry transformations. The complete set of infinitesimal

space translations. However, if we assume that v = 0 and 02 we obtain

generators in this particular case is given here

0
M

0
XQ*av

0 0 0
X3 = _t& +2(n+ 'r’o)a—77 + Ug

The corresponding point transformations are given below in the same or-
der:

t' =t+ e, =z, 7]/:777 u =1u,

t' = e 3¢, =, 0 = —ro+ >3 (rg + 1), u = —esu,

where €123 € R are free parameters. The last transformation is a scaling
transformation. In order to achieve further symmetries to the solutions one
should include higher order terms even if they break the asymptotic order
of the models.
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Chapter 6

Alternative derivation of the

Boussinesq system

In this chapter we provide an alternative derivation of the general sys-
tem considering the equations of potential flow. We show that the two
different derivations lead to the same system. The alternative derivation is

based on asymptotic series expansions.

6.1 Derivation of the additional system

Now we apply the method of potential flow to solve the problem. Here
we consider the dimensional variables first. Since the velocity « of the

blood is a vector field, we consider a potential ¢ such that:

Vo = .

We still denote u the velocity in the = direction and v in the radius direction.
Then we have that

Gz =u, ¢ =v0.

65
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Hence the Euler equations take the form
1
d):rx + ;(T‘Qbr)r = Oa (61)

1
bt 5IVolt+ =0, (6.2)

The boundary conditions now have the form

1
Ora + ;(7“¢7«)T =0, 0<r<ry+n, (6.3)
Gr =M + (TOI + nm)d)xa r=7ry+1, (6.4)
1 w Eh
b1+ 5IVO + S+ =0, v =ro+n, (65)
p pr
¢or=0, r=0. (6.6)

T=Ar, 7=Rr, n=A4n t=

_ Eh A R
C = b=t €= =, 5::
2Rp R A

If we add bar on the dimensional variables and take the non-dimensional

variables without bar, we make the following change:

- AAe
0="f ¢
Then we have that
9 1
0°Ppr + ;(rgbr)r =0, 0<r<rg+en, (6.7)
Or = 52"7t + 52(T0x + Enx)d)xa r=ry+en, (68)

1 1
52¢)t + 5652¢§ + Qegb? + 540477tt + 52,877 =0, r=rg+en, (6.9)
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¢r =0, r=0. (6.10)
Now we take a series expansion with respect to r for the potential function

o:

&= o+ 1P+ 12ps + ... (6.11)

Since ¢ is only a function of « and ¢, we have
br =1+ 2rp2 + 3r2¢ + ... + nr" Y, + ...,

and . .
;(rgf)r)r = ;qi)l + 22¢>2 + 33T¢3 + ..+ n2r”_2¢n + ...

Substituting Eq.(6.11) into Eq.(6.7), we obtain:

1
52(¢0 + T¢1 =+ 7"2¢2 + )wx + ;qbl + 22¢2 + 337“q253 + ...+ n2r”_2¢n +...=0.
6.12)

Now we can collect the terms of r of different order. It can be easily seen
that the term of »—! is zero, and ¢, is some constant multiplying the

second order derivative of ¢,,. Then we observe the following relation:
820%¢n_o+npp =0, n>2. (6.13)

Instantly we find that
02070 + 492 =0,

52022 + 16¢4 =0,

Since the term of r~! is zero, which is ¢;. then by Eq.(6.13) we know that
@3, ¢s, ..., and all other ¢,, for odd n are all zero:

P1=¢3=¢5=...=Pop_1 =0, n=1,23,..
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For even n the terms ¢,, are:

_ £2n92n 1
P = O @ ()

where n are positive integers. Then we can write the ¢ in the following

-0, (6.14)

form:

1
(—1)"(22) (nl)

If only the first several terms are considered, we have:

¢ = o + 1" S0 p2nd> 2"

S o (6.15)

b= do— ﬁa% + 345% (6.16)
= Q0 4 Oxx 64 Oxxxx .

Substituting Eq.(6.16) into Eq.(6.8), one obtains

2 1
_ZT(sQ(bO:vac + @4T354¢0xzx$ = 5277t + 52 [TOLL’ + 677:1:] [(z)Oac + 7"¢>1x + T2¢2m--~]-

If we assume that only the first a few terms are important, and combine
with Eq.(6.11), one obtains that:

1 1
_§(T0 + 6"7)52¢0x:c + E(TO + En)364¢01‘x1‘x

1 (6.17)
= 527775 + (52 [TOJJ + 6773:] [(Z)Oz - Z(rO + 677)252¢wa:c}-
After dividing both sides by 62, one obtains
1 1 39
—5(ro + €n)oze + 7 (ro + €1)°8" Poswaa
1 (6.18)
=m+ [TOx + 677:(:”9250:1: - Z(TO + 67’)262¢OCEII]'

Thus we have that

1 1
Nt + ETO(bOzx + §6n¢0$x + rOx(ﬁOa: + 6773:<Z50x
2 (6.19)

1) 1
7?(710 + En)2T0x¢0xzx - T6T0352¢Oxzxx = 0(652>
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And we discard the high order terms on the right hand side, one obtains:

1 1
Nt + §T0¢0xx + §€n¢0$x + 70z P0x + 677x¢0x
2 (6.20)

1
_Z(TO + Gn)2r0$¢0$$z - Er0352¢0$zz$ =0.

For Eq.(6.9), first we differentiate both sides with respect to =, which leads
to: 52
5o+ 6% + 8t + 8B = O(e8?). (6.21)

Now we only take the first two terms of Eq.(6.16):

r?
¢ = o — 15 Poz (6.22)
If we substitute Eq.(6.22) into Eq.(6.21), and take r = r(, we will obtain that:
1 7070z

¢0xt - 152T8¢01’xxt - %(bOxxt + (5(33)77)90 + 6¢0m¢0$z + 520”73@& = O(G, 52)
(6.23)

Since we have ¢o, = ug, which is velocity at the vessel wall, we can see
that the above equation is totally the same one as Eq.(3.47). Esssentially the

relation for ug and the velocity at r, ", are the same, too. So the system

derived here is the same with the one we derived in chapter 3:

(r0)*ro (ro)*

r €
nt+r0xu0+enxuo+§0uom+ Enuox—(ﬁuom . Tr— = 0(6(52),
(6.24)
2
r roT
Ut + €UugUos + Py — 52uomt( Z) — 8yt 02036 =0, (6.25)

where p¥ = 82an.u — (8n),-

6.2 The general system

Here we focus on the vessel with constant radius. We consider a pa-
rameter 6, with
0<6<1,
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then we can take that

r = 0Org.

Now we denote the velocity for any parameter 6 by w. Obviously when
6 = 0 we obatin ug, which is the horizontal velocity of the center of the
vessel. For convenience we only write it as . Since we have done the

scaling and we can take R = ry, thereby

_ Lo 15 6
w=1u 4(5 Ugr + 645 Ugzzr + O(0°).

Then we can apply the Fourier transform and denote the variables after

Fourier transform with a hat:
N Lo 1 cuporan s 6
W= (14 =007k + —=5"0°k")u 4+ O(5°).
4 64
Since we have the approximation of

1
1+x

= 1—:c+x2...,

Let the z above be 626%k? 4 ¢;016?k?, therefor we obtain the expression of

~

u.:
= (1- Lsrgr2 — Lgrgza i54e4k4) + 0(8%).
4 64 16
thereby
i = (1= 2520282 + 2 54624 1 0(6%)
4 64 '

Now we can apply the inverse Fourier transform, which gives:

1 3
u=w-+ 1(5292101;1; + 6—45494wmm + 0(69).
The above result can be substitued into the previous equations:

2

1 1 5
e+ Grotos + Geruos + ernpuo — Erguwm =0 (6.26)
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1 1
Uot — 1527“31601«% - 5527“07“0@«10% + (B(x)n),, + euguos

1
—52a(§r0u0x) =0,
xt

(6.27)

which leads to:

1 1 1 2
Nt + §(wa: + 16292wxxx) + 567711)1’ + enzw — %wx:px = 0(67 52) (6.28)

Wy — 3621”969075 + (5(35)77)33 + ewwy — 62a%wxxt = 0(67 52) (6.29)

6.3 Viscoelastic correction

For Eq(2.27) in chapter 2, we can add one correction term of viscoelastic,

then the equation is:

E,(T)h

—— 7], (6.30)
o

p* i = P + Vg —

where 7 is a constant related to visco-elasticity. In the previous chapters,
we have the following equation

1 2
82hy + 5652@% + ie@% +8tam + 6260 =0, r=ro+en. (6.31)

Since now we import the viscoelastic terms, we have the new equation:

1 2 YR
52¢t+§€52¢i+§€¢3+540ﬂht—54%;16%154"52577 =0, r=ro+en. (6.32)

Then we do the similar derivation as in section 6.1, which leads to:

(ro)”
4

YR
Uot + EUQUOL + 5204772?1% + (577)1 - 62 ﬁnmt - 62u0xxt

ToTox

=0,
(6.33)

2
-9 UQzxt
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By substituting Eq.(6.30) into the system of Eq.(4.14) and Eq.(4.15), one ob-

tains the new system:

1
e+ 5(7“0 + )l + (rog 4+ ne)u’ =0, (6.34)
~ 2 3o+ 10)T0s 3
(1 — arogee)uf + [B(z)n], +ufuf — (20)0% ~ L
. (6.35)
4 w
_Uatroro e gt g,
8 r
By Eq.(6.25), one obatins:

u + (B(a)n), = O(e, 8%),
And we also have Eq.(6.24), which lead the relation:

1
N = —irou%; — TogzUQ + 0(67 52)

Then we can make substitution for the term of u,; and 7, of Eq.(6.33),

which lead to the following result after going back to the dimensional form:

1
n + 5(7“0 + )l 4 (rog + ne)u’ =0, (6.36)
_ - 3o+ o)1 ~ v .1
u—mmmﬂ+wwm+wd—(wawmmm+ywammm>
(4a+ ro)ro u®
_Tufmt + 8/£? =0.
0

(6.37)



Chapter 7

Numerical Methods

In this Chapter we introduce the basic concepts of finite difference meth-
ods for the numerical solutions of partial differential equations. We de-
velop finite difference methods for the numerical solution of the BBM equa-
tion and for the classical Boussinesq system studied in the previous chap-
ters. Finally, we demonstrate the application of the new models to blood

flow problems. By performing several numerical simulations.

7.1 Finite difference method

Now we consider the funcion u(z,t), which is defined on the domain
x € [a,b], xt € [0,T]. We define our grids x¢,z1,...,.t y+1 for x and to,t1,...,tar41
for t. Let Ax = ;11 — x;, At = tj41 — t; for any 4, j and Az and At are
all uniform. Let xg = a and zny11 = b. Let {9 = 0 and tp;4+1 = T. Then we
denote u/ the approximation of u(z;, t;)by only taking the u(z,t) at z = ;
and t = t; for the i, j invovled. Now we have discretized u(x,t) at the
domain z € [a,b],t € [0,T].

Thereby we can discretize the derivatives. By the Taylor expansion, we
have:

oull Wt
il -4 A7 L+ O(At).

Then we obtain the derivatives with respect to ¢ of the finite difference form

73
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of order At. By the Taylor expansion also gives that

au(x,t)A lazu(x,t)

2 3
o Tt 550 Az + O(Azx®), (7.1)

u(z + Az, t) = u(x,t) +

Ou(x,t) Az + 132u(x, t)

2 3
o s g A’ +0(A). (72)

u(x — Ax,t) = u(z,t) —
By comparing the above two equations, we can eliminate the terms of order
Az2, thus we obtain

oul’ ungl —u]

htal e o Sl 8 2
oz |, 2Ax +O(Az),

which is the derivative with respect to z of the finite difference form of
order Az?. By applying the Taylor expansion, we can have the following

relation:
B ou(z,t) O*u(x,t) .« 5 43u(z,t) 5 4
u(z+2Ax,t) = u(x,t)+2 O Ax+2 92 Ax +§WA:I: +O(Az?),
(7.3)
B ou(z,t) O?u(x,t) . 5 43u(z,t) 4 4
u(x—2Az,t) = u(z,t)—2 o Az+2 52 Az —gwAZL‘ —1—(07(21' ),

Substituting Eq.(7.1) and Eq.(7.2) into and Eq.(7.3) and and Eq.(7.4), we ob-

tain the second order derivatives with respect to = of order Ax?:

or? |, Ax?

1

Pulw, t) [ uly —2u] +ul,

We will use these formules to descritize our model equation.

7.2 A finite difference method for the BBM equation

In this section we study the numerical solution of the BBM equation.
The numerical scheme is linearly implict and it was first derived in [18].

For convenience, we take the all the coefficients to be 1. Then the BBM
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equation has the following form:
Ut + Uy + UUg + Uggt = 0,

in x € [a,b] with initial condition u(x,0) = wup(z) and boudary condition

u(a,t) = u(b,t) = 0. We apply the following method [9]:
1 , . .
A1 = 83y + 5 (1t uf) Ho(u] "+ uf) = 0.

The operators here are:

j J
520 = ;g — 2uy + Uy,
W = Ax2 )
—u
i i+1 1
Hyw; = 2Ax

Jj+1 J

Atuj = 7,“7; _ ui
¢ At

For convenience. we denote Az by h and denote At by 7. Then we have

the exact form the the finite difference relation:

WAl - 20t T -l - 2]l )

3 _ i—+1
T hQT (7 5)
1 W gt g ‘
1 i+1 i—1 i+1 i—1 _ 0.
t5 (1+u)) 57
Rearranging the terms we have:

+1 j+1 j+1 +1 +1 j+1

ug+ B wlly —2u] T 4wl 1(1_‘_”)“54-1_“5 1
Y 2uj + 1 ! .

_ % T i 1*1_,(1+U)M

T h2r 2 2h '

Collecting the j + 1 terms on the left side of Eq.(7.6) we can express this



76 CHAPTER 7. NUMERICAL METHODS

relation in matrix-vector form CU = I, where

—m=+ A+l P+ - +ul)g;

C is tridiagonal with diagonals:

1 1
Cic1i = 72 (1+ Uf)%a
1 2
Cii =2t gy
1 2
Cinri =24 g

The first row and the (N + 1)th row are related to boundary conditions.

And we also consider the vector U for some j:

i1+l i1
Ul = (™ wd “5V++1>'
For FT := (I} F,... Fxy1), wehave

W ugﬂ — 2! + uj_l 1 .
Fi:f_ hQ;_ : —5(1—|—ug)

J J
S
2h ’

for2 <i < N. Wheni=1ori= N + 1, we take the boundary conditions

into account.

The equation CU = F'is for some specific j. On the left hand side the
terms are all related to j + 1 and on the right hand side the terms are all
related to j. To solve the system, we multiply C~! on both sides:

U=C"'F.

Once all the ug are known for some j and for all i, we can compute the

solution for j + 1. Note that the matrix C' depends on j since it has terms of
J

i

that contain u
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7.3 Stability analysis of the numerical method for the
BBM equation

In this section we study the stability of the numerical scheme. Specif-
ically we study the limits for the discretization parameters At, A, so that
the numerical solutions remains bounded. In order to do so we consider

the Von Neumann analysis of the linearized equation.
Ut + Uy — Uggr = 0.

Since we will denote the imaginary unit by i here, we will denote u by u3,.
Then we consider:
j j iknh
ul = &le .
It can be easily seen that
u%+1 — §j+1eiknh’
i _ ¢ gikh iknh
Uy g =&l e

Thus for the linearised Eq.(7.5), we have

(¢ ; D (€= 1)(62’?2272 + e~ ki) N %(g N 1)6”“1 2he—“€h o

Since we have

etkh 1 e=kh — 9 cos(kh),

etkh _ e=tkh — 9gin(kh),
we obtain that

(€ ; D €= 1)(2;§i(kh) —2) %(5 n 1)2811;](1%) _o.
Therefore solving for £ we have
| _ 2cos(kh)=2  sin(kh)

6 — h? + 2h
1— 2cos(kh)—2  .sin(kh)
nZ o
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In order for the solutions to be bounded, so we have || < 1. Observe that
the denominator and the numerator of £ are complex conjugate, we have
that

€l =1,

for all £ and h. So we conclude the solution is bounded for any value k, At,

Az and this numerical scheme is unconditionally stable.

7.4 A numerical method for the Boussinesq system

In this section we develop a finite difference method to solve the Boussi-
nesq system Eq.(4.58) and Eq.(4.59):

1
N+ 5(7’0 + n)ug + (roz + nx)ue =0, (7.7)
_ - 3a+ ro)r
(1- amm)uf + [B(z)n], + ueui — (20)0111215
) 7.8)
(4a + ro)ro u® (
_Tuixt + SHﬁ = 0.

0

We consider similar approximations as in the previous sections to derive
the method of [18]. We discretise the time interval by 7 and spatial interval
by h. We denote Uij ~ u(x;, tj) and Hf ~ 1n(x;,t;) instead of eta. From
Eq.(7.7) we obtain that:

g Ul U H, . —H .
¥+7(T0i+HZ‘J)H—1TH+(TOM+ z+12h i 1)Uzj -0,

T 2
(7.9)

By the above equation, we can solve for H ZJ 1. Since we have the term of

J + 1, we can take the average term:

HI 4+ HIT!
2

instead of the term Hf . For covenience, we denote the average term by
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1
H f t3 We also take that:

BH? = B;HY.

Therefore we can compute the U ' by E .(7.8) using the following relation:
p i y EBq & &

j j J+3 j+3
po U UL BT - BT
T 2h

j j J+s j+i j+i

+Ui‘]+1 - U/, o Q(i)BHi+12 —2BH; * +BH;
2h ‘ h? 7.10
(Uj+1 . 2Uj+1 + Uj+1) B (U] o 2UJ 4+ Uj ) ( )

_R(i) i1 i i1 a i+l i i1

h2t

U’
-1—8/1—2’ =0.
T0i

1+1 . o .
Now we can solve for U/™! and the process is similar to the previous sec-

tion. Finally at every time step we improve the first approximation of H’
1

obtained by Eq.(7.9) using the average term of Uij 2

. . ‘+l j+l
HIT —H] 1 UL+ U R
i S ST (AR = ¥ A v

- + 5 (roi + H) 2h

(7.11)

7.5 Numerical experiments

In order to validate our system, we perform some numerical experi-
ments. Table 7.1 presents the parameters used in our experiments, which is
from the reference [23]. We consider a vessel with the parameters of table
7.1 and we study the propagation of a pulse in an elastoc vessel.

Now we compute the relations for a stenosed vessel, tapered vessel and
a vessel with constant radius. The parameter of the studied vessel is listed
in the above table. We let the inflow side of the vessel to be x = 0 and the

outfow side of the vessel to be z = 0.126.
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Parameter corresponding letter
Vessel’s length L 1.26 x 10~%m
Vessel’s nominal radius R 3x1073m
Vessel’s thickness h 3 x 1074m
Wall density pv 1000kg/m3
Blood density p 1060kg/m?
Young’s modulus E 4.07 x 10°kg/(msec?)
Kinetic viscosity K 4 x 1075m/sec

Table 7.1: Parameters in the numerical experiments

To check our system, a stenosed part is involved in the vessel. In this

case, the radius can be described by the function:
ro(z) = 0.003 — 0.0003(1 — cos(27(xz — 0.02)))/2, =« € [0.02,0.03].

We considera tapered vessel also. For the tapered vessel, the radius
will reduces linears with respect to . At x = 0.126, the radius is 0.002,
compared with 0.003 at z = 0.

We compute the flow rate ¢ and the pressure p in the following figures.
The blue lines represent the boundary conditions at x = 0 while the red
lines represent the solution at x = 0.126.

In the Figure 7.1,we demonstrate the flow rate and the pressure at the
position of z = 0 anb z = 0.126. In the Figure 7.2 shows that it takes longer
time for the wave peak to arrive. Since that the vessel narrows, the velocity
can be even larger than the initial velocity. The biggest difference is in the
pressure, due to the narrowing of the vessel. In the Figure 7.3, we can see
that the flow rate of the blood is a little smaller than the flow rate of the
blood in the constant radius vessel.

We can also compare the results obtained with the BBM equation. Since
the BBM equation is for inviscid fluid, we take the viscosity 0 for the system
as well. The results here shows that the BBM equation is a good aprroxi-
mation for the system.

Notice that the pressure here is not the “real” pressure because we also
need to consider the pressure ourside the vessel. Here we take the pressure

ourside to be 0 just for convenience since the pressure outside is seen to be
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Figure 7.1: vessel with constant raidus

1.1

constant and to be equal for all vessels. These results agree with observa-

tions in analogous vessels simulating the carotid artery showing that these

models can be used to simulate blood flow in arteries.
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Figure 7.4: system of constant raidus and no viscosity
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Figure 7.5: BBM equation for the vessel
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Chapter 8
Conclusions

In this thesis we review previous derived systems for fluids in elastic
vessels with constant radius. We also review the derivation of the equa-
tion for the vessel wall. By the no-slip condition on the vessel wall and
equation of the vessel wall we derived a Boussinesq system for fluid flow
in elastic vessels with variable radius. The velocity we use in the system is
that on the vessel wall. Based on this system, we compute soliton solutions
and dispersion relations. We also compute the velocity at the center of the
vessel.

Then we derive the general system with parameters, and for the gen-
eral system we can use the velocity at any distance from the center of the
vessel. We studied the general system with constant radius in detail. There-
fore we can derived one-way propagation models, namely BBM and KdV
equations. By some deriviation we add the term of viscotiy thus obtain the
dissipative Boussinesq systems.

We compute the dispersion relation of the Euler system, and we com-
pared the dispersion relation of the Euler system and that of the general
system. Specifically we distinguish a simple system by adjusting some
parameters. It shows that when the phase velocity is not very large, our
system is a good approximation of the Euler system. We proved the well-
posedness of the linearized system, and for the non-linear system. The
existence of the solitary waves has been studied too. Also, some symmetry

properties are also involved in the study.
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The method of potential flow and asymptotic series is used as an alter-
native method to derive the same Boussinesq systems. It shows that the
pervious derivation is proper. Application of the Fourier analysis leads to
different type of systems.

For the numerical discretization of the systems We introduce the finite
difference method in this theis. We discritize numerically the BBM equa-
tion and the classical Boussinesq system. We studied the stability of the
numerical method for the BBM equation. Some modifications have been
imposed in the scheme for the Boussinesq system to improve the results.
Several numerical experiments was carried out. The results show that the
tapered vessel make the peak exist longer, and the stenosed vessel makes
the peak move slower. We also can see that the BBM equation derived as
one-way propagation model has good approximation properties for pulse
wave in elastic vessels.

In this study, we derived asymptotic models for fluid in elastic vessels,
which hasn’t been done before. Since we derived a Boussinesq system, we
expand the application range of the Boussinesq system. It will be helpful to
have more profound understanding of fluids in elastic vessels. The result

of this study will help studies in medicine and engineering.



Bibliography

[1]

2]

3]

[4]

[5]

6]

[7]

ANLIKER, M., ROCKWELL, R. L., AND OGDEN, E. Nonlinear analysis
of flow pulses and shock waves in arteries. Zeitschrift fiir angewandte
Mathematik und Physik ZAMP 22,3 (1971), 563-581.

BOCKWINKEL, H. Over de voortplanting van licht in een twee-assig
kristal rondom een middelpunt van trilling. Akad. van Wet. Amsterdam
Versl. Wis-Natuurk. Afd 14 (1906), 636—651.

BONA, J. L., CHEN, M., AND SAUT, J. Boussinesq equations and other
systems for small-amplitude long waves in nonlinear dispersive me-
dia: Ii. the nonlinear theory. Nonlinearity 17, 3 (2004), 925.

BONA, J. L., CHEN, M., AND SAUT, J.-C. Boussinesq equations and
other systems for small-amplitude long waves in nonlinear dispersive

media. i: Derivation and linear theory. Journal of Nonlinear Science 12,
4 (2002).

CascAvAL, R. C. Variable coefficient kdv equations and waves in
elastic tubes. LECTURE NOTES IN PURE AND APPLIED MATHE-
MATICS (2003), 57-70.

CascAvAL, R. C. A boussinesq model for pressure and flow velocity
waves in arterial segments. Mathematics and Computers in Simulation
82,6 (2012), 1047-1055.

CHEN, M. Exact traveling-wave solutions to bidirectional wave equa-
tions. International Journal of Theoretical Physics 37, 5 (1998), 1547-1567.

87



88 BIBLIOGRAPHY

[8] DUTYKH, D., AND DIAS, F. Dissipative boussinesq equations. Comptes
Rendus Mecanigue 335, 9-10 (2007), 559-583.

[9] EILBECK, J., AND MCGUIRE, G. Numerical study of the regularized

long-wave equation i: Numerical methods. Journal of Computational
Physics 19, 1 (1975), 43-57.

[10] EULER, L. Principia pro motu sanguinis per arterias determinando.
Opera posthuma mathematica et physica anno (1844), 814-823.

[11] FORMAGGIA, L., LAMPONI, D., AND QUARTERONI, A. One-
dimensional models for blood flow in arteries. Journal of engineering
mathematics 47, 3-4 (2003), 251-276.

[12] FUNG, Y.-C. Biomechanics: circulation. Shock 9, 2 (1998), 155.

[13] FUNG, Y.-C. Biomechanics: circulation. Springer Science & Business
Media, 2013.

[14] HUGHES, T. J., AND LUBLINER, J. On the one-dimensional theory of
blood flow in the larger vessels. Mathematical Biosciences 18, 1-2 (1973),
161-170.

[15] KORTEWEG, D. Ueber die fortpflanzungsgeschwindigkeit des schalles
in elastischen rohren. Annalen der Physik 241, 12 (1878), 525-542.

[16] KREYSZIG, E. Introductory functional analysis with applications, vol. 1.
wiley New York, 1989.

[17] LANDAU, L. D., AND SYKES, J. Fluid mechanics: Vol 6.

[18] PEREGRINE, D. H. Long waves on a beach. Journal of fluid mechanics
27,4 (1967), 815-827.

[19] SHERWIN, S., FRANKE, V., PEIRO, J., AND PARKER, K. One-
dimensional modelling of a vascular network in space-time variables.
Journal of Engineering Mathematics 47, 3 (2003), 217-250.



BIBLIOGRAPHY 89

[20] VAN DE VOSSE, FE. N., AND STERGIOPULOS, N. Pulse wave propa-
gation in the arterial tree. Annual Review of Fluid Mechanics 43 (2011),
467-499.

[21] WiTZIG, K. Uber erzwungene Wellenbewegungen zaher, inkompressibler
Flussigkeiten in elastischen Rohren. PhD thesis, Universitat Bern, 1914.

[22] WOMERSLEY, J. R. An elastic tube theory of pulse transmission and
oscillatory flow in mammalian arteries. Tech. rep., AEROSPACE RE-
SEARCH LABS WRIGHT-PATTERSON AFB OH, 1957.

[23] X1A0, N., ALASTRUEY, J., AND ALBERTO FIGUEROA, C. A systematic
comparison between 1-d and 3-d hemodynamics in compliant arterial
models. International journal for numerical methods in biomedical engi-
neering 30, 2 (2014), 204-231.

[24] YOUNG, T. Hydraulic investigations, subservient to an intended croo-
nian lecture on the motion of the blood. Philosophical Transactions of the
Royal Society of London 98 (1808), 164-186.

[25] ZAMIR, M., AND RITMAN, E. The physics of pulsatile flow. Springer,
2000.



